Численный анализ задачи со свободной границей для плоского стационарного течения by Эйалло, К.О.
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Γ1 ∪ Γ2 = ∂Ω,
Γ1 = {x2 = 0, 0 < x1 < l} ∪ {x1 = 0, 0 < x2 < ϕ(0)} ∪ {x1 = l, 0 < x2 < ϕ(l)},
Γ2 = {0 ≤ x1 ≤ l, x2 = ϕ(x1)}.
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'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0  8
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 ϕ ϕ H 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,# -8
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&/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0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 4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%, 
7'  v¯(x1, x2) = (v1, v2)  &, 7' &, p (x1, x2) 
-&K -&4  7' (v¯, p, ϕ) 9' (v¯, p) &,K
* 
−νΔv¯ +∇p = f¯ , U[Z v¯ = 0  Ω !;"
 * &,*  ∂Ω
v¯ |Γ1= 0, !C"
v¯ · n¯ |Γ2= 0, !?"
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T (v¯, p)n¯ = −σKn¯  Γ2. !A"
+/ f¯(x) n %, 87',# n¯ n 0  . 8
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  & Γ2# σ = const > 0 n H77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 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,#
ν = const > 0 n 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0 H77'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 &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n¯ = (n1, n2), n1 =
1√
1 + (ϕ ′)2
, n2 =
ϕ ′√





(1 + (ϕ ′)2)3/2
.
)%0* 0% τ¯ = (τ1, τ2) 0 # &/  & Γ2#
τ1 =
−ϕ ′√
1 + (ϕ ′)2
, τ2 =
1√
1 + (ϕ ′)2
.
+0 !;"# !C"# !?"# !A" )* ./# 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0*  k;l & H* * . (v¯, p, ϕ) % %0 I,
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5 -)&4 
/ 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 k8 -)&4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 )& Ωk F
' Γk = Γk1 ∪ Γk2 # 
Γk1 = {x2 = 0, 0 < x1 < l} ∪ {x1 = 0, 0 < x2 < ϕ k(0)} ∪ {x1 = l, 0 < x2 < ϕ k(l)}
Γk2 = {0 ≤ x1 ≤ l, x2 = ϕ k(x1)},
** %0 &/ 7' v¯ k+1, p k+1
−νΔv¯ k+1 +∇p k+1 = f¯ , U[Z v¯ k+1 = 0  Ωk,
v¯ k+1 |Γk1= 0, v¯ k+1 · n¯ k |Γk2= 0, !E"
T (v¯ k+1, p k+1)n¯k · τ¯k = 0  Γk2 .
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Γk+12 = {0 ≤ x1 ≤ l, x2 = ϕ k+1(x1)},
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K =
(ϕ k+1)′′





[1 + ((ϕ k+1)′) 2]1/2
.





[1 + ((ϕ k+1)′) 2]1/2
= K(x1). !B"
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 π2  L %0# 0
(ϕ k+1)′(0) = 0. !G"
1 )* --&/ 4# 0 )* 4 7# # &8
&/# 7'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&/ 0& 




[1 + (ϕ ′(t))2]1/2
= K(t).
* H 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K(t)dt dz dx1 = U.
 -/ % &, !;=" -&0*
ϕ(0) l = V − U, ϕ(0) = 1
l
[V − U ] .












 * **  0 -)&4
(v¯ k+1, p k+1, ϕ k+1).
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K %0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−νΔv¯ +∇p = f¯ , U[Z v¯ = 0  Ω, !;;"
v¯ |Γ1= 0, !;C"
v¯ · n¯ |Γ2= 0, !;?"
T (v¯, p)n¯ · τ¯ = 0  Γ2. !;A"
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U[Z v¯ = 0
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0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−νΔ2ψ = g. !C="
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= 0  Γ1,




(x1, 0) = 0,
∂ψ
∂x2
(0, x2) = 0,
∂ψ
∂x2
(l, x2) = 0,
∂ψ
∂x1
(x1, 0) = 0,
∂ψ
∂x1
(0, x2) = 0,
∂ψ
∂x1
(l, x2) = 0.
!C;"





n2 = 0  Γ2. !CC"
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η |Γ1= 0, !CE"
∇η |Γ1= 0. !C<"
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[1 + (ϕ ′)2]1/2
.
H* 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[1 + (ϕ ′)2]1/2
[
−ϕ ′′ϕ ′ ∂ψ
∂x1






























































































5, % 7*& !??"  !?A"# --.* -/ & &  -8
 0 !?C" 












































































































































































≡ I(ϕ, ψ, η). !?D"
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% !?C" 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 %0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ΔψΔηdx + 2νI(ϕ, ψ, η) !?E"
&, , 7' η# -&4I - )& W 22 (Ω)  &8
,KI * &,* !CE"  !C<" ** - H*# 0 7', ψ
& 5  &/ 4 !?E" 
,/  &/* 4# * -&* &,K 7'K
 ψ(x1, x2) ** 05 H&*  7*&* !;D" * *-8
   v¯ 
&, 54, &, p -&/%*, &KI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= U[Z f¯ .
+/ * -&/%&/ *# 0 U[Z v¯ = 0  * )%*  
&, 7' p  )& Ω * 
Δp = U[Z f¯ . !?G"
*, -/ , !?<"  !?B"  ' Γ# *4* !?<"  n1#
!?B"  n2  &4* %&/ -**# 0 n1  n2 *- 0



















= [νΔv1n1 + f1n1 + νΔv2n2 + f2n2]Γ =
=
[




!?G"# !A=" / %0 * &, 7' p  )& Ω , . H
%0# * *4* 0&/ 0 -)&4 &, % 7' ϕ
- 7*& !<" 
 )/,# 0 )5* & %.* %0 *
!?G"# !A=" -&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AE   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K ; $'=((E)9#F(7 :)3)& 9(3( (&C L#9($
J& . %0 !;;" 8 !;A" * )* / ** & 
-&* %&  )& Ω ∪ Γ2 = {0 < x1 < l, 0 < x2 ≤ ϕ(x1)} 
&, H














h2 H . - &/  x2  0
xk = (x1k, x2k),  x1k = ih1, x2k = jh2, i = 1, ...m1, j = 1, ...m2,
&, 5 x2k ≤ ϕ(x1k) %* %&* % -&, %& &# 0 
%& &4  )& Ω ∪ Γ2. 	%& xk %* * %&*# &
ϕ(x1) > x2k + h2, &, x1 ∈ [x1k − h1, x1k + h1] .
14 * k 5 %& )%0* 0% P  	%& xk %*
-0* %&*# &  % [x1k − h1, x1k + h1] I 5, ) 
%0 -* x1# &, 
ϕ(x1) ≤ x2k + h2.
14 * k -05 %& )%0* 0% BK 4* %&
xk -* -,*&/
Ωk = {x1k − h1 ≤ x1 ≤ x1k + h1, x2k − h2 ≤ x2 ≤ x2k + h2}.
0#0
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0* 0%  )I &0 %& 	%&  ** k * 8
 (x1k, x2k) 4* %& -* )%K 7'K




0, x1 ≤ x1k − h1
1− 2
h21
(x1 − x1k)2 + 1
h41
(x1 − x1k)4, x1k − h1 ≤ x1 ≤ x1k + h1
0, x1 ≥ x1k + h1
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0, x2 ≤ x2k − h2
1− 2
h22
(x2 − x2k)2 + 1
h42
(x2 − x2k)4, x2k − h2 ≤ x2 ≤ x2k + h2
0, x2 ≥ x2k + h2
.
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Δηk(x1, x2)Δηj(x1, x2)dx − 2
∑
q∈BK
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